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1 Introduction

In a dynamic principal-agent contracting relationship, how each party discounts his or her

future returns to their actions critically shapes the outcome of the contract.1 Most existing

dynamic contracting models assume that contracting parties have exponential discounting.

This is analytically convenient but potentially restrictive, because exponential discounting

implies that the discount rate between two adjacent periods is constant regardless of how

distant into the future those periods are, and calendar dates are mostly irrelevant.

We relax the exponential discounting assumption and develop a framework for dynamic

moral hazard problems under general discounting. We model discounting between two points

in time through a bi-function that takes two dates as inputs and yields the relative ratio of

one util as the output. This generalization captures many cases that are widely applicable

in economic research and in practice, such as present bias (e.g. Ainslie (1975), Thaler (1981)

Jackson and Yariv (2015)) or anticipatory utility (e.g. Loewenstein (1987), Caplin and Leahy

(2001), Brunnermeier et al. (2016)), as well as inherent value attachment to specific dates

(such as birthdays, anniversaries, etc).

Despite the extensive evidence – anecdotal and empirical – that “time preferences can

be non-exponential” (Laibson (1997)), the formal analysis of problems with non-exponential

discounting is known to be generally difficult because of the resulting dynamic inconsis-

tencies. Under dynamic inconsistency, future plans that look “optimal” at present may

ultimately be suboptimal. In particular, if decision makers are given a chance to re-evaluate

their plan, they might do so continuously instead of following the original plan made before.

In this paper we assume that parties are sophisticated about both their own and their coun-

terparties’ dynamic inconsistencies and only make plans that will be followed by their future

“selves”. This approach to resolve dynamic inconsistency is akin to the seminal works of

Strotz (1955) and Pollak (1968) and has been widely adopted since (e.g. Ekeland and Pirvu

(2008), Ekeland and Lazrak (2010), Björk et al. (2017)). We follow a similar approach and

our framework characterizes a principal optimal equilibrium contract as the Markov perfect

1In DeMarzo and Sannikov (2006), for example, the difference in discount rates between the principal and
the agent determines when payments to the agent are actually made. Lehrer and Pauzner (1999), Ray (2002),
and Opp and Zhu (2015) demonstrate various effects of differential discount factors in dynamic games.
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Nash equilibrium of the game played between the agent, the principal, and their future selves.

We follow a similar approach and characterize a principal optimal equilibrium contract as

the Markov perfect Nash equilibrium of the game played between the agent, the principal,

and their future selves.

The contribution of this paper is three-fold: first, we establish the existence of the prin-

cipal optimal contract and provide a characterization of such contract. The characterization

reveals a somewhat surprising result: compared to the case in which discounting is expo-

nential, the incentive compatibility condition for the agent does not change qualitatively,

whether one or both contracting parties have general non-exponential discounting and dy-

namically inconsistent preferences. In particular the principal provides the incentives via

a local pay-performance-sensitivity to each self instead of relying on equilibrium dynamics

between different selves. Of course, how each party and their different selves value a given

set of incentives still varies according to their respective discounting functions, resulting in

different optimal contracts. In other words, the impact of non-exponential discounting is

consequential for the principal’s problem but inconsequential for the agent’s problem. Sec-

ond, using our characterization, we explicitly solve the optimal contract under two special

discount functions that have been widely studied in economic research: quasi-hyperbolic

preferences (as in Harris and Laibson (2012)), and anticipatory preferences (as in Loewen-

stein (1987)). The closed form of the contracts enable us to provide some comparative statics

and highlight the specific effects of the form of discounting on contract outcomes. Third, we

make a methodological contribution by providing a novel approach for tackling the existence

of the dynamically inconsistent equilibrium contract. We believe our approach can shed light

on the existence of equilibrium strategy for other dynamically inconsistent stochastic control

problems beyond contracting.

To balance the richness of economic insights with analytical tractability, we cast our

model in continuous time. Although the argument for contract existence would be simpler

under discrete time due to backward induction, the contract characterization quickly becomes

complicated and even intractable for problems that involve multiple periods.2 In particular,

2As noted in Cao and Werning (2016) even simple dynamic savings games in discrete time may be quite
ill-behaved. Hence, “these models are relatively intractable and make it difficult to characterize equilibria”.
See Peleg and Yaari (1973) for examples of non-existence of Markov perfect equilibrium and Bernheim and
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our explicitly solved examples reinforce the importance of the contracting horizon in dynamic

inconsistent problem (as previously highlighted in Gottlieb (2008) and Gottlieb and Zhang

(2018)). Thus, the continuous-time framework, which allows for an arbitrary length of the

contracting horizon, enables us to demonstrate several economic insights that are difficult to

obtain from discrete-time models.

We also relax the assumption of full commitment power adopted in most existing con-

tracting models. In the case of full commitment, dynamic inconsistency of the principal has

little impact on the structure of the contract as only the time 0 “self” is relevant. In practice

though, contracts that are supposed to involve long-term commitments are usually embed-

ded with clauses that permit certain degree of alterations, such as the commonly observed

refinancing of loans. During refinancing, the total amount of the loan often remains the same

but the lender and the borrower agree to a different schedule of repayments.3 In light of these

observations, we make a minimal departure from full commitment by allowing the principal

to offer an alternative contract at any point in time, subject to the agent having the same

continuation value from the newly proposed contract. We call such an offer a restructuring

as it does not change the continuation payoff of the agent, only how that continuation payoff

is delivered. In other words, restructuring implies commitment to continuation payoff but

flexibility in delivery.4 Such an extension enables us to explore the intrapersonal conflict of

the principal and how it impacts the structure of the contract while simultaneously staying

close to the canonical long-term commitment setup. Indeed, if both parties are dynamically

consistent, restructuring will never be utilized and the optimal equilibrium contract becomes

identical to the one under full commitment.

The equilibrium optimal contract is characterized by a system of non-linear partial differ-

ential equations, instead of the classical Hamilton-Jacobi-Bellman (HJB) equation. This is

Ray (1986) for the existence of Markov Perfect equilibrium in discrete time consumption models.
3A typical example is mortgage refinancing, which usually involves changes in the length and/or the

interest rate but not the total amount due. See Mian and Santos (2018), Xu (2018)) for empirical evidence
on the prevalence of refinancing.

4Restructuring is a limit form of renegotiation because the principal can commit to the value of her
promises. Full renegotiation allows for contracting parties to change the promised continuation utility as
well as its delivery, which removes commitment completely and is beyond the scope of this paper. Our notion
is closer to Miller et al. (2018) in the sense of having a disagreement point as the previous contract in the
contractual equilbrium explored in their paper.
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because the Bellman optimality principle applicable in dynamically consistent benchmarks

(e.g. Sannikov (2008)) is no longer valid. In particular, an individual’s self tomorrow does

not solve the continuation problem of the self today. Thus, a system of equations that cap-

tures both the different selves’ valuations and the equilibrium of the game between them

is necessary. Such a system is called an extended HJB system, which consists of a forward

part and a backward part. The forward part is akin to the HJB equation representing the

current self solving an otherwise standard maximization problem but with additional terms –

particularly, terms that capture the “equilibrium value” of the game between the selves and

the effect the current self on different selves. The backward part captures the best responses

of all the different selves in a “Stackelberg” fashion and feed into the forward part through

those additional terms. On the agent side, the game between the selves hinges critically on

the incentive-compatibility conditions. However, due to the lack of bargaining power and

the impermanence of actions, the contract only need to provide incentive to each self via a

local pay-performance-sensitivity similar to that in Sannikov (2008). Surprisingly, the evo-

lution pattern of each selves’ continuation utility turns out to be similar to the dynamically

consistent benchmark as well, albeit the “equilibrium value” of the continuation utility must

be different, because both the self and the time are changing simultaneously. Importantly,

we show that the equilibrium value is also a process and can be utilized as a relevant state

variable for the design of the principal-optimal equilibrium contract.

The basic idea behind how the extended HJB system captures the solution to dynamic

inconsistent problems is economically intuitive and has been recently studied in more gen-

eral stochastic control settings such as Yong (2012), Wang and Wu (2015), Lindensjö (2016),

Björk et al. (2017), Wei et al. (2017), etc. However, “[t]he task of proving existence and/or

uniqueness of solutions to the extended HJB system seems (...) to be technically extremely

difficult” (Björk et al. (2017)). Indeed, absent from specially designed utility/cost functions

or other very restrictive assumptions, the existence of solutions to extended HJB systems is

an open question. We introduce a novel methodology that proves the existence of the solu-

tion to a broad class of problems with dynamic inconsistencies arising from non-exponential

discounting. Instead of trying to establish the well-posedness and compatibility of the com-

ponents of the extended HJB system, we translate the system into an appropriate static
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game of incomplete information between non-atomic players (à la Schmeidler (1973), Mas-

Colell (1984), Balder (1991)), and prove the existence of the equilibrium of this non-atomic

game to establish the existence of a solution to the extended HJB system.

Following the characterization and the existence of the optimal contract, we demonstrate

the applicability of our framework by explicitly solving the optimal contract for two cases

formulated under well-established economic theories. In the first case, the principal has

quasi-hyperbolic discounting. We adopt the quasi-hyperbolic discount function of Harris

and Laibson (2012) with the same interpretation that the “hyperbolic shock” (β in β-δ

preferences of discrete time) to the principals’ discounting arrives at an exponential rate (as

opposed to arriving in the next period in the traditional β-δ case). In such a setting using

our methodology we solve the optimal contract in closed form which enables us to explore

the implications of the quasi-hyperbolic discounting function on dynamic moral hazard.

We find that under quasi-hyperbolic discounting the optimal effort path is not necessarily

monotonic, in contrast to the standard case. The contract takes shape according to two

factors; how likely the principal perceives the shock to her discounting and, how large the

drop after the shock. We demonstrate that there is a “deadline effect” whereby the likelihood

of shock happening before the end of the contracting horizon (the deadline) plays a critical

role in shaping the optimal contract.

Our second example explores the case in which the principal has anticipatory utility. We

adopt the model from Loewenstein (1987) and assume that at each date the principal receives

utility from the anticipation of future utility in addition to her immediate consumption.

Such utility function implies a “double counting” of future returns and yields a compounded

discount factor. Again, using our methodology we solve the contract in closed form which

enables us to explore the implications of anticipatory utility on dynamic moral hazard.

We find that under anticipatory utility the optimal effort path is again potentially non-

monotonic. However, unlike quasi-hyperbolic discounting, the driving force behind the non-

monotonicity under anticipatory utility is the contracting horizon: if the horizon is too short

there is not much to anticipate, but once the contracting horizon becomes long enough,

anticipatory feelings can overwhelm immediate profits, causing an incentive to back load

effort.
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The remainder of the paper is structured as follows: after a brief literature review, we

establish the general framework in Section 2. Section 3 first characterizes the agent’s problem

and the relevant game between the agent’s selves, then proceeds to characterize the game

between the principal’s selves and finally delivers the optimal contract. We then solve the

two explicit examples (quasi-hyperbolic and anticipatory utility) in Section 4. Section 5

concludes the paper. All proofs are relegated to the appendix.

1.1 Literature Review

The idea that preferences may be dynamically inconsistent as the result of non-exponential

discounting stems from the seminal works of Strotz (1955) and Pollak (1968). Since then,

many studies have explored dynamically inconsistent preferences in various settings: for ex-

ample, consumption-saving problems (Laibson (1997), Krusell and Smith (2003), Amador

et al. (2006), Bond and Sigurdsson (2017), Cao and Werning (2018)); investment and asset

allocation ( Caplin and Leahy (2001), Grenadier and Wang (2007), Basak and Chabakauri

(2010), Bernheim et al. (2015), Brunnermeier et al. (2016)); monetary policy (Kydland and

Prescott (1977)); fiscal policy (Halac and Yared (2014)); capital taxation (Fischer (1980));

criminology (Freeman (1999)); procrastination (O’Donoghue and Rabin (1999)), public fi-

nance (Bisin et al. (2015), Harstad (2016)), etc. These studies are typically conducted in

discrete time, and are limited to a single party being dynamically inconsistent regardless of

the size of the economy.

In this paper, we analyze a continuous-time contracting problem in which both parties

can be dynamically inconsistent. Our work relates to studies on contracting and mechanism

design with limited rationality: for example Gottlieb (2008), which studies the optimal design

of non-exclusive contracts and identifies different implications of immediate-costs goods and

immediate-rewards goods for dynamically inconsistent consumers; and Gottlieb and Zhang

(2018), which studies repeated contracting between a risk neutral firm and dynamically

inconsistent consumers, and finds that allowing consumers to terminate agreements at will

may improve welfare if agents are sufficiently dynamically inconsistent. These studies focus

on adverse selection problems (reporting) while we focus on moral hazard (hidden effort).

Moreover, DellaVigna and Malmendier (2004) analyze the optimal two-part tariff of a firm
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facing a consumer with known present-biased preferences who makes decisions such as saving

or exercising. Heidhues and Kőszegi (2010) and Galperti (2015) explore similar settings; the

former show that simple restrictions on the contract form can drastically increase welfare

while the latter focuses on the optimal provision of commitment devices. Eliaz and Spiegler

(2006) study a setting in which agents differ only in their degree of “sophistication” (their

ability to forecast the change in their future tastes.) and characterize the menu of contracts

which the principal offers in order to screen the agent’s sophistication. See Kőszegi (2014)

and Grubb (2015) for a survey of contract theory with behavioral preferences.

Our study differs in several critical dimensions: instead of exploring the implications of

time-inconsistency for a certain type of contract or mechanism, we cast our model in an

optimal contracting framework, following the now celebrated literature of continuous-time

dynamic principal-agent models with transitory private effort.5 Furthermore, most of the

aforementioned studies focus on normative analyses: they either search for ways to imple-

ment the first-best result or compare the welfare gains and losses of different mechanisms.

In contrast, we provide a positive analysis by demonstrating the effect of non-exponential

discounting and different contracting horizons on contract outcomes, and linking them to

various observed patterns of contracts in practice.

Our paper also advances the methodology for tackling time-inconsistency problem. Strotz

(1955) and Pollak (1968) first suggest the game-theoretic approach that can be applied

to solving the optimal dynamic planning problem under time-inconsistency. Kocherlakota

(1996) provides a refinement of sub-game perfect equilibrium with dynamically inconsistent

preferences. Chade et al. (2008) adopt a Abreu et al. (1990) type recursive characterization

of the equilibrium but allow quasi-hyperbolic discounting only. Obara and Park (2017)

define the notion of strongly symmetric sub-game perfect equilibrium for individuals with

general discounting in repeated games. They explore games with perfect monitoring and

their general form of discounting, includes future bias, present bias, and quasi-hyperbolic

discounting. Alternatively, Caplin and Leahy (2006), develop a non-strategic, recursive

method. The approach is limited to single agent, repeated actions with a specific type of

5Such as DeMarzo and Sannikov (2006), Biais et al. (2007), Sannikov (2008), He (2011), etc. These, of
course, are all models with exponential discounting and infinite contracting horizon.
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objective functions.6

Recently, there has been an emergence of mostly mathematical literature of dynamically

inconsistent stochastic control, such as Yong (2012), Wang and Wu (2015), Lindensjö (2016),

Björk et al. (2017), and Wei et al. (2017), which establish the extended HJB system analogues

to us. However, a major caveat of this strand of literature is the lack of the existence to the

solution of the extended HJB system, which is a non-trivial problem (See, e.g. Peleg and

Yaari (1973) or Bernheim and Ray (1986) for examples in which a solution may not exist.).

While each study conjectures various solutions for specific, simplified problems, the existence

of solution for the general case remains an elusive, open question.7 Our novel approach to

the existence problem comes from bridging the dynamically inconsistent control problems to

studies of non-atomic games such as Schmeidler (1973), Mas-Colell (1984), Balder (1991),

Balder (2002), and Khan and Sun (2002). We provide a general theorem describing the scope

to which the extended HJB system can be readily applied, thus paving the way for potential

future research. Admittedly our model is set in a more restrictive environment compared to

the aforementioned mathematical studies, but the restrictions are minimal and are mostly

innocuous in economics settings.

2 General Framework

In this section we present the general framework introducing generic, non-exponential dis-

counting functions into an otherwise standard dynamic principal-agent model. We lay out

the necessary foundations and describe the dynamic inconsistency problem before providing

characterizing the optimal contract in the section.

6Instead of maximizing the expected present value of period payoff, they assume entire distribution of
future states and choices affect the agent’s payoffs

7Wei et al. (2017) provides a well-posedness result for uncontrolled diffusion processes. Björk et al. (2017)
offers a verification of the extended HJB system, while Lindensjö (2016) proves some regularity properties
of the system in Björk et al. (2017), but does not address the existence question either. In particular, the
extended HJB system is a characterization of the optimal contract as a system of non-local PDEs and our
results prove the existence of a solution to the system of PDEs. Analytical exercises on computations still
retains the same challenges as any non local PDE.

9



2.1 Basic Environment

Time is continuous. A principal (she) contracts with an agent (he) over a fixed-time horizon

T < ∞. The principal is risk-neutral, with unlimited liability, and has an outside option

V ≥ 0. The agent is (weakly) risk-averse and has an outside option u. The monetary cash

flow is given by

dMt = âtdt+ σdZt, (1)

where ât is the agent’s private action (effort), and Zt is a standard Brownian motion.

Between time t and t′ the principal’s discount rate is given by a bi-function R(t, t′). Such

specification allows for discounting to vary with both the current date t and an arbitrary

future date t′, not just the time difference. In particular, at time t, the principal uses the

mapping defined by Rt : [0, T ] → [0, 1] as her discount function, where Rt(s)
.
= R(t, s) for

all s. One can interpret Rt(s) as that there are infinitely many discounting functions, one

corresponding to each point t in time denoted by Rt(·). We impose the following assumptions

on Rt(·):

Assumption 1 For all ∀t ≥ 0, the principal’s discount function Rt(·) satisfies:

1. Rt(s) = 1 for all s ≤ t and lims→∞R
t(s) = 0.

2. Rt(s) > 0 for s.

3.
∫∞
t
Rt(s)ds < +∞ a.s.

4. Rt(·) is uniformly Lipschitz continuous.

The first part of the assumption states that starting from any period any payoff in the current

period is not discounted, while any payoff in the infinitely far future has a present value of 0.

The second part of the assumption states that any return in a finite future has some positive

value, albeit potentially very small. The third part ensures that the discounted value of a

bounded stream of consumption along any path remains finite. The final part is a standard

technical assumption.
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Similarly, between time t and t′ the agent’s discount rate is given by a bi-function r(t, t′).

In particular, at time t, the agent uses the mapping defined by rt : [0, T ] → [0, 1] where

rt(s)
.
= r(t, s) for all s. We require the following assumptions on rt(·):

Assumption 2 For all ∀t ≥ 0, the agent’s discount function rt(·) satisfies:

1. rt(s) = 1 for all s ≤ t and lims→∞ r
t(s) = 0.

2. rt(s) > 0 for s.

3.
∫∞
t
rt(s)ds < +∞ a.s.

4. rt(·) is uniformly Lipschitz continuous.

5. Rt(s)
rt(s)

is increasing in s.

Agent’s discounting is analogous to the principal’s discounting introduced in assumption 1

with one addition: the principal is weakly more patient then the agent. The comparison of

patience in the case of discounting bi-functions was first introduced in Quah and Strulovici

(2013) from which we borrow directly. This is a fairly standard assumption that prevents

the principal from increasing promises until infinity.

Remark 1 It is important to underline the difference between the bi-function approach we

adopt here and a discounting function that relies only on “time difference”. Exponential

discounting is a particular time difference discount function. In particular, the familiar form

e−γ(s−t) for some γ > 0 does not depend on s or t but only on s − t. The bi-functions we

explore here can readily capture discount functions that only depend on time difference by

the simple transformations rt(s) = r(s− t) and Rt(s) = R(s− t). In such a case we will use

the term discount function instead of discount bi-function.

We assume the following forms of utility functions and risk preferences:

Assumption 3 The agent has a weakly risk averse utility function that is continuous in

both arguments and twice differentiable for evaluating instantaneous consumption and action

denoted by u(ct, at), we assume that u is convex and decreasing in a, concave and increasing

in c. u(·, a) is invertible with a continuous inverse function.
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The first requirement on the utility function is fairly standard: effort a is costly with in-

creasing marginal cost and consumption is valuable. The rest of the requirements are largely

technical to facilitate the proof of the general existence theorem (Theorem 1), and are suffi-

cient but certainly not necessary conditions. In more specific cases the utility function of the

agent can be generalized further. For the principal side, we assume she is risk neutral and

maximizes the discounted streams of profits which in this setting equivalent to cash flows

net of the consumption process offered to the agent.

Denote the probability space as (Ω,F ,P) and the associated filtration as {Ft}t≥0. Contin-

gent on the filtration, a contract specifies a consumption process {ct}t≥0 with final payment

denoted cT to the agent and a sequence of recommended actions {at}t≥0. The set of feasible

effort levels comes from a compact set A := [a, ā]. All quantities are assumed to be integrable

and progressively measurable under the usual conditions.

Next we define the principal’s and the agent’s time 0 payoff:

Definition 1 Principal’s time 0 payoff under the contract {ct, at}t≥0,

E

[∫ T

0

R(0, s) (dMs − csds)−R(0, T )cT

]
= E

[∫ T

0

R(0, s) (as − cs) ds−R(0, T )cT

]
.

Agent’s time 0 payoff under the contract {ct, at}t≥0,

E

[∫ T

0

r(0, s)u(as, cs)ds+ r(0, T )u(cT , a)

]
.

Without exponential discounting, the valuation of future streams of actions and con-

sumption might vary over time. As a result, it is plausible that there are additional gains

to be realized by altering the terms (the consumption process and recommended actions) of

an existing contract. We call such an alteration a restructuring of the contract. Clearly an

agent will not be willing to take any restructuring of the contract that delivers lower expected

continuation utilities. Therefore, we formally define a feasible restructuring as follows:

Definition 2 A contract {c′t, a′t}t≥0 is a restructuring of the contract {ct, at}t≥0 if

Et

[∫ T

t

rt(s)u(cs, as)ds+ rt(T )u(cT , a)

∣∣∣∣Ft] = Et

[∫ T

t

rt(s)u(c′s, a
′
s)ds+ rt(T )u(c′T , a)

∣∣∣∣Ft] .
12



Contract restructuring is a critical pre-requisite for capturing the principal’s dynamic incon-

sistency in this paper. It translates to partial commitment on the principal’s side, as opposed

to the standard full commitment assumption which trivializes the search for optimal con-

tracts between sophisticated, dynamically inconsistent parties. There is broad evidence of

contract restructuring in practice, where the principal remains committed to the promised

continuation value.8 Note that restructuring is different from contract renegotiation. Rene-

gotiation is a more general concept, as it allows the parties to revise past promises as well.

In particular, most of the literature on contract renegotiation (with Dewatripont (1988),

Aghion et al. (1994) as canonical references) explores cases in which the contract yields sub-

optimal payoffs to both the agent and principal, and they can renegotiate to re-establish

efficiency. Suboptimal payoffs can happen due to reasons such as inefficient punishment for

agent’s deviations or lack of information. Restructuring, however, is a particular form of

renegotiation: it holds the agent’s continuation utility constant, but changes how the contin-

uation utility is delivered. In the absence of time-inconsistency, restructuring never happens

under a principal-optimal contract.

Remark 2 Restructuring would be equivalent to renegotiation proofness with full bargaining

power on the principal side if the utility frontier is decreasing. See Fudenberg et al. (1990)

for details.

3 Equilibrium Contract and Intrapersonal Games

We now proceed to solve the optimal contract. We adopt a game-theoretic approach fol-

lowing Björk et al. (2017) by constructing a dynamic game between the principal’s and the

agent’s future selves, and look for Markov perfect equilibria. This approach is used in other

dynamically inconsistent problems, notably Strotz (1955), Ekeland and Pirvu (2008), Eke-

land and Lazrak (2010), Yong (2012), Lindensjö (2016), Wei et al. (2017). Importantly, given

the agent and the principal are sophisticated, any choice the principal or the agent makes

has to also factor in what the parties might do in the future under different preferences.

8See, for example, Mian and Santos (2018) for stylized, empirical observations on the restructuring of
bank loans, and Xu (2018) for similar observations on corporate bonds.
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As a first step we define the agent’s t self continuation utility, which is the present value

of his future utility under incentive compatibility.

Definition 3 The agent’s t self continuation utility at time t under an incentive compatible

contract is:

W̃ (t, t) = Et

[∫ T

t

rt(s)u(cs, as)ds+ rt(T )u(cT , a)

∣∣∣∣Ft] ,
where Ft is the natural filtration generated by Zt. A contract is incentive compatible if at

every instant t agent’s effort choice maximizes W (t, t) by choosing {ât}t≥0 = {at}t≥0.

Similarly we define the principal’s t self continuation utility, which is the present value of

her future utility.

Definition 4 The principal’s t self continuation utility at time t under an incentive com-

patible contract is:

f(t, t) = Et

[∫ T

t

Rt(s) (as − cs) ds−Rt(T )cT

∣∣∣∣Ft] ,
where Ft is the natural filtration generated by Zt.

We can now construct the intra-personal dynamic game and its equilibrium, the basic idea

of which can be summarized as follows.9

• The principal and the agent are playing a non-cooperative game with their future

selves. For each point in time t, treat the principal and the agent as different players,

whom we refer to as “Agent t” and “Principal t”.

• For each fixed t, Agent t and Principal t can only influence the process Mt exactly at

time t. Principal t chooses suggested action ât and the compensation ct and agent t

chooses the action at.

9Full details of the game and the equilibrium strategies are mathematically intricate and therefore left in
the Appendix.
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• At each point in time, each player t’s best response (in a Markov Perfect Equilibrium

sense) to his/her different selves forms an intra-personal equilibrium, taking the other

parties’ intra-personal equilibrium as given. We call each intra-personal equilibrium as

an equilibrium control for the agent/principal respectively.10

3.1 The Agent’s Problem

We now solve the agent’s problem. In general, the agent’s consumption at any instance could

depend on the entire path of outputs. We follow Williams (2015) and introduce a change

of measure to resolve the issue of history dependence. We first fix an equilibrium contract

process for the principal and denote it by ĉt. For any â ∈ [a, ā], define the family of Ft
predictable processes:

Γt(â) := exp

(∫ t

0

as
σ
dZ0

s −
1

2

∫ t

0

∣∣∣as
σ

∣∣∣2 ds) ,
with Γ0(â) = 1. Suppressing â, we introduce the following change of measure:

EPâ
[∫ T

t

r(t, s)u(as, ĉs)ds+R(t, T )u(a, ĉT , )

]
= EP0

[∫ T

t

Γsr(t, T )u(as, ĉs)ds+ ΓTR(t, T )u(a, ĉT )

]
.

The optimal control problem of the dynamically inconsistent agent under the measure P0 is

given by:

JA(t,Γ) = sup
as, s∈[t,T ]

EP0

[∫ T

t

Γsr(t, s)u(as, ĉs)ds+ ΓT r(t, T )u(a, ĉT )

]
, (2)

dΓs = Γs

(as
σ

)
dZ0

s . (3)

The solution to this agent’s problem resembles a textbook Pontryagin approach (as in Wang

and Yong (2019) and Hamaguchi (2019)). The notable difference compared to the classi-

cal problem is that our problem implies a flow of adjoint processes, which determines the

10In discrete time, it is possible to show that every subgame perfect Nash equilibrium must be Markovian.
In continuous time though, this definition is not sufficient, given Player t can only choose the exactly at
time t, which only influences the control on a time set of Lebesgue measure zero. Put differently, the control
chosen by an individual player will have no effect on the dynamics of the process. We therefore adopt a
modified definition of the equilibrium concept following Björk et al. (2017). See the Appendix for details.
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evolution of the continuation utility of each agent t ∈ [0, T ].

The next lemma characterizes the continuation utilities and the incentive compatibility

condition:

Lemma 1 Under assumptions 1, 2, 3, given any contract â, ĉ and any sequence of the agents

choices, there exists a flow of processes ψ̃(t, s) and an equilibrium value process W such that

for each self of the agent we have:

W̃ (t, k) = r(t, T )u(0, cT )−
∫ T

k

r(t, s)u(as, ĉs)ds+

∫ T

k

ψ̃(t, s)dZ â
s (4)

The equilibrium value process satisfies:

W (t) = r(t, T )u(0, cT )−
∫ T

t

r(t, s)u(as, ĉs)ds+

∫ T

t

ψ̃(t, s)dZ â
s (5)

The contract is incentive compatible if and only if

ψt = ψ̃(t, t) = ua(ct, at). (IC)

Under an incentive compatible contract, the agent’s effort choice becomes a Markov Perfect

equilibrium in which the strategies are Markovian with respect to Γ and t. In contrast to

Sannikov (2008), we have a flow of continuation utilities, one for each self of the agent. The

process W̃ (t, k) pins down self ts continuation from period k onwards, whereas the process

W (t) pin downs the equilibrium value.

For each self t, W̃ (t, k) is a process. However, as the selves evolves over time, W̃ (t, k)

becomes a flow of processes. Consequently, instead of a backward stochastic differential equa-

tion that would arise in a dynamically consistent environment (as in Cvitanic and Zhang

(2012)), the representation in equation 4 is a backward stochastic Volterra integral equa-

tion. At each time of decision making, the t self is the relevant self and the process W̃ (t, t)

is the relevant continuation utility. W̃ (t, t) takes the self t as a parameter and is a back-

ward stochastic differential equation much like the dynamically consistent case (e.g Sannikov

(2008)). This leads to an identical incentive constraint as in Sannikov (2008), which provide

the agent with local incentives via ψt = ψ̃(t, t). Nevertheless, the derivation of such close
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resemblance is a non-trivial task, which we lay out in detail in the Appendix.

Setting the agent’s self and time the same (i.e. k = t), as shown in Yan and Yong (2019),

leads to the integral valued process W (t). The equality of these two processes were first

shown in Yong (2008). Notice that unlike the t self valuation, W (t) captures not only the

time change but also the change in the agent’s preferences. Therefore, W (t) is the relevant

variable for the principal when designing the optimal contract. In the appendix we show

that the integral valued process W (t) also has a forward representation.

3.2 The Principal’s Problem and the Optimal Contract

The principal’s problem is significantly more involved. Before we delve into the full charac-

terization let us make some observations about this problem.

First, at the end of the contract the principal can always retire the agent with a lump

sum payment to deliver a promise WT . Since the principal’s valuation of payments vary over

time we denote the principal’s retirement benefit B(t,WT ) evaluated at time t, as

B(t,WT ) = −Rt(T )cT (6)

where cT is chosen such that u−1(cT , a) = WT .

Next, observe that the (dynamically inconsistent) principal’s optimal control problem is:

JP (t,W ) = sup
(as,cs,ψs) s∈[t,T ]

Et,W

[∫ T

t

Rt(s) (as − cs) ds+B(t,WT )

]
. (7)

Thus we define the optimal contract as:

Definition 5 A contract is optimal if it maximizes JP (t,W ) for all t,W over the set of

contracts that are incentive compatible.

Finally, we introduce the following notation of a controlled infinitesimal generator:11

11This notation comes from Björk et al. (2017). The only difference compared to the standard notation in
stochastic calculus is that it acts on the time variable as well as on the space variable. (i.e. it includes the
term ∂/∂t)
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Definition 6 Suppose x = [x1 x2 ... xn] is a n-dimensional vector of state variables and

Zj
t , j = 1, 2, ..., n are independent Brownian motions such that

dxj = µj(t, x)dt+ σj(t, x)dZj
t . (8)

For any process G(t, x) and control h the operator Ah is defined by

AhG =
∂G

∂t
+

n∑
j=1

µhj (t, x)
∂G

∂xj
+

1

2

n∑
i,j

σhj (t, x)σhi (t, x)
∂2G

∂xjxi
. (9)

We are now ready to present the main result of this paper:

Theorem 1 Under assumptions 1, 2, and 3, there exists an optimal contract. The prin-

cipal’s equilibrium value function under this contract V (t,W ) with optimal controls ht =

(a∗, c∗, ψ), is given by: 12

V (t,W ) = Eh
t,W

[∫ T

t

Rt(k) (a∗k − c∗k) dk +B(t,WT )

]
. (10)

The equilibrium value function satisfies the following extended HJB system:

sup
h
{AhV (t,W ) + (at − ct)−Ahf(t,W, t) +Ahf t(t,W )} = 0. (11)

f s(t,W ) is defined as the solution of the following equation:

Ah∗f s(t,W ) +Rs(t) (a∗t − c∗t ) = 0, (12)

where for each fixed s the function f s(t,W ) = f(t,W, s) equation (12) is a Kolmogorov

backward equation with the probabilistic interpretation:

f s(t,W ) = Eh∗

t,W

[∫ T

t

Rs(k) (a∗k − c∗k) dk +B(t,WT )

]
(13)

12From here on we will suppress the h in V whenever it is clear.
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subject to (4), the IC condition (IC) and boundary conditions:

V (T,W ) = B(T,WT ) for all W (14)

where B(t,W ) is defined by (6).13

Theorem 1 highlights two important differences compared to the standard optimal con-

tract under exponential discounting which, under our notation, would be captured by a single

Hamilton-Jacobi-Bellman (HJB) equation involving just AhV and (at− ct).14. The first dif-

ference is that there is now a system of equations, instead of one single HJB equation. The

additional equation (12) is a Kolmogorov Backward equation defined using the infinitesimal

generator, and captures the “backward induction” intuition that the principal must follow

when playing a game against her future selves.15

Second, f(t,W, t) and f t(t,W ) are the “extra” terms in the HJB equation.16 In expo-

nential discounting benchmark models, the principal’s immediate utility ((at − ct)) and her

value function (V (t,W )) are sufficient to capture the immediate and future incentives for any

action of the agent, and the suprema determines the optimal actions. However, in our model

due to dynamic inconsistency we not only need additional terms (f(t,W, t) and f t(t,W )) but

also need to identify these terms through another equation (12). Under dynamic consistency,

Ahf(t,W, t) and Ahf t(t,W ) always cancel out exactly, leaving only the first two terms in

(11) in the standard HJB equation.

To understand those extra terms and how they are determined, first observe that the

equilibrium value function V (t,W ) yields the value of each time t self for each potential

state W and relies on what each self will do at all t′ > t. This dependence on “far” terms

introduces a non-local PDE since different selves discount future differently, instead of the

usual local PDE from an HJB equation. To pin down this PDE, another non-local function

which considers the valuations of different selves is necessary. The term f(t,W, s) is indeed

13Note that operator A only acts on the objects inside the parenthesis. Moreover, on the equilibrium by
construction we have V (t,W ) = f(t,W, t).

14The HJB equation is commonly written as (suppressing the notation) rV = sup{at − ct + µWVW +
1
2σ

2
WVWW } . Under our definition of the infinitesimal generator A, it simply equals supAhV − (at− ct) = 0.

15Iijima and Kasahara (2016) shows another application of backward stochastic differential equations in
dynamic games.

16Note that f(t,W, t) is f(t,W, s) and f t(t,W ) is fs(t,W ) both evaluated at s = t.
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exactly what regards time s-selves as a variable in addition to the usual current time t and

state W because intuitively, a change in period t action has an equilibrium effect on all

selves s. Notice that variations in s also leads to variations in the discount functions as

R(s, ·) varies in s. f(t,W, t) represents the valuation of the principal where t is the current

time and t represents a time-t self but a change in t changes the self as well. However, at

any particular time s, instead of the equilibrium value a fixed s-self makes a decision with

the goal to maximize her own self’s payoff, taking herself as given, not a variable. The term

f s(t,W ) therefore captures the principal’s valuation of future equilibrium actions by her

time-s self in state W at time t. f t(t,W ) is the self that is actually doing the maximization

and shows up next to f(t,W, t) and V (t,W ). It is another non-local PDE but relies only on a

single discount function Rt(·). In equilibrium between the different selves a change in action

at time t and state W should be perfectly foreseen by the previous time s selves, leading to

the backward part (equation 12) behaving like a martingale and hence being equal to 0.

In general, the system in Theorem 1 is very difficult to analyze due to the interaction of

non-local PDEs. Indeed, Wei et al. (2017) note the appearance of the backward term poses

an essential difficulty. They remark that “at the moment we are not able to overcome the

difficulty” and pose it as an open problem. Similarly Björk et al. (2017), whose HJB system is

very similar to ours, note that “the task of proving existence and/or uniqueness of solutions to

the extended HJB systems seems (at least to us) to be technically extremely difficult”. The

challenges mainly come in two ways: first, the backward system is actually accompanied

by a forward system arising from the state variables, turning it into a forward-backward

stochastic differential equation which is known to be very difficult to tackle (Cvitanic and

Zhang (2012)). Second, without the solution to the backward system, the value function,

which comes from its own non-local PDE, cannot be solved.

We manage to establish the existence of a solution to the backward system in Theorem

1 by taking a unique approach: first, we only establish the well-posedness of the backward

system under our smoothness assumptions. Then we turn to the value equation, where

the solution from the backward system comes in implicitly. We define the game between

the different selves as a game of incomplete information between non-atomic players where

the utility function of each of these players incorporates these solutions from each of the
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backward systems. Of course the backward system without an explicit solution only gives a

PDE characterization of the utilities of these players. However, using that PDE analogous

to the approach used by Mas-Colell (1984) we look for a distribution over utility functions,

strategies and information as an equilibria. Once the contracting problem is translated into

this non-atomic game of incomplete information, using existing results from game theory (in

particular Balder (1991)), we show that an equilibrium exists, which implies there exists a

solution to extended HJB system.

Due to the level of technicality involved, we present the detailed, step-by-step proof

of Theorem 1 including the novel existence argument in the Appendix. Readers who are

only interested in applying our framework to solve problems with dynamically inconsistent

decision makers can adopt the results in Theorem 1 knowing that a solution exists. In Section

4 we demonstrate two special cases in which Theorem 1 admits closed-form solutions and

simple comparative statics.

Remark 3 It is known (Björk et al. (2017)) that if a dynamically-inconsistent optimal con-

trol problem has an equilibrium solution, there is a dynamically consistent problem that leads

to the same optimal control but with a different instantaneous utility function. Indeed, this

would correspond to the case in which one defines a sophisticated decision maker’s immediate

utility function that directly incorporates the actions of the other selves (as opposed to just

at−ct or u(at, ct)). Such an approach is useful for an axiomatic characterization but not very

applicable for solving the optimal contracting problem. We explore the connection between

this and our approaches in the online appendix.

4 Applications

In this section we provide two explicitly solved examples of the optimal contract under sim-

plified conditions. Given that the main innovations from introducing dynamic inconsistency

come from the principal’s problem, we simplify the agent’s problem assuming he has CARA

utility with time-consistent exponential discounting. We then analyze two kinds of behav-

iors that lead to non-exponential discounting for the principal: quasi-hyperbolic discounting,

following Harris and Laibson (2012); and anticipatory utility following Loewenstein (1987).
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In both cases we obtain closed-form solutions of the optimal contracts and offer comparative

statics that shed light on the unique implications of dynamically-inconsistent preferences.

Specially, we maintain throughout this section the following assumption that strengthens

and replaces assumptions 2 and 3:

Assumption 4 The agent has the following discount function and CARA utility.

rt(s) = e−γ(s−t) for all t

u(c, a) = −1

η
e−η(c−

1
2
a2).

He also has access to a private savings account, the balance of which grows at rate γ.

CARA utility plus private saving is a commonly used technique in the contracting literature

to simplify the agent’s problem.17 In our model, they lead to the following results:

Lemma 2 Under assumption 4 the agent’s continuation utility satisfies

dWt = γ(Wt − u(ct, at))dt+ ψt(dMt − atdt) , (15)

u(ct, at) = γWt . (16)

The agent’s incentive compatibility condition becomes

ψt = at. (17)

The evolution of ln(W ) is given by

E [ln(−Wt)] = ln(−W0) +
1

2

∫ t

0

η2γ2σ2ψ2
sds. (18)

Finally, there is no private savings on the equilibrium path.

The proof of lemma 2 is analogous to the proof of He (2011) and hence omitted.

17See, e.g. He (2011), Williams (2015), Marinovic and Varas (2018), Gryglewicz and Hartman-Glaser
(2019), etc.
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4.1 Quasi-Hyperbolic Discounting

Our first example explores a case in which the principal has quasi-hyperbolic discount-

ing. Such discounting has been explored in many examples including but not limited to

O’Donoghue and Rabin (1999), Thaler and Benartzi (2004), Harris and Laibson (2012),

Jackson and Yariv (2014), Jackson and Yariv (2015), Bisin et al. (2015), etc. Here we follow

the form of quasi-hyperbolic discounting introduced in Harris and Laibson (2012) where the

quasi-hyperbolic discount function is a convex combination of a short-term discount-function

and a long-term discount factor.18

Formally, we assume the following:

Assumption 5 The principal has the following discount function:

Rt(s) = (1− β)e−(ρ+λ)(s−t) + βe−ρ(s−t) (19)

with β ∈ (0, 1) and γ > ρ+ λ.

The representation above is the deterministic characterization of a principal who values

“near present” returns with a higher discount factor (discounted by e−ρ(s−t)), and “far future”

returns with a lower factor (discounted by βe−ρ(s−t)). That is, the principal becomes less

patient over time. β < 1 captures the size of the drop in discount factor in the far future.

The switch between the “near present” and the “far future” happens stochastically with

arrival intensity λ, and the overall discount function Rt(s) incorporates this expected drop.

Notice that for the principal the discounting between period t and s > t only relies on s− t

but not t or s individually. Thus with a slight abuse of notation, we will denote Rt(s) from

equation (19) as R(s− t).

With the simplified agent’s continuation utility (from Lemma 2) and the specific discount

function for the principal, we now apply Theorem 1 to calculate the optimal contract. The

solution turns out to take a closed-form:

Proposition 1 Under assumptions 4, 5 in the optimal contract at and ct satisfy the follow-

18 Pan et al. (2015) also offers a continuous time version of quasi-hyperbolic discounting.

23



ing:

at =
[
1 + ηγ2σ2

ρ(λ+ρ)

(
−βλ(1− β)

(
e−(λ+ρ)(T−t) − e−ρ(T−t))+ (1− η + ρη + λη)ρ+ (1− η)βλ

)]−1

ct = 1
2
a2
t −

ln(γη)
η
− 1

η
ln(−Wt)

We are now able to analytically explore the implications of quasi-hyperbolic discounting on

the optimal contract in detail. We summarize our key findings as follows:

Proposition 2 The optimal contract derived in Proposition 1 has the following properties:

1. If β = 1 (β = 0) optimal contract converges to dynamically-consistent principal with

discount rate ρ (ρ+ λ) and optimal effort at is (weakly) monotonic in time t.

2. As T → ∞ optimal contract converges to an optimal contract with time consistent-

principal with discount rate ρ(λ+ρ)
ρ+βλ

.

3. For every ρ ∈ (0, 1), if λ is high enough at becomes non-monotone function over time.

The first property is straightforward: if β = 1 (β = 0) the principal has the same discount

rate for “near present” returns and for “far future” returns, which is equivalent to having

exponential discounting. Unsurprisingly, the optimal solution is analogous to the celebrated

solution of Holmstrom and Milgrom (1987) in which the path of the optimal effort is mono-

tonic, regardless of the time horizon.19

The second property demonstrates that the effect of quasi-hyperbolic exponential dis-

counting becomes indistinguishable if the time horizon becomes arbitrarily large. Björk

et al. (2017) shows that for any dynamically inconsistent optimal control problem that has

a solution, there is a time-consistent problem that has the same solution with a different

instantaneous utility function. In comparison, we show that if the contracting horizon is

infinitely long, the solution to the dynamically inconsistent problem agrees with that of a

time-consistent problem with exactly the same instantaneous utility function but a different

exponential discount factor, which we pin down explicitly. Intuitively, because the princi-

pal is sophisticated, as the horizon increases the problems that each of her future selves

19Whether effort is monotonically increasing, decreasing, or constant over time is the result of model-
specific boundary conditions. See He (2011), Marinovic and Varas (2018), He et al. (2017) for some recent
examples.
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face become similar. When the horizon is infinite, the principal’s problem becomes station-

ary. Under quasi-hyperbolic discounting, stationarity is sufficient to ensure that the solution

agrees with that of a principal with the exactly the same instantaneous utility function.

The third property highlights the possibility of non-monotonic actions under finite hori-

zon. From the previous two properties we know that effort is (weakly) monotonic in time

without quasi-hyperbolic discounting or without finite horizon. Under quasi-hyperbolic dis-

counting and finite horizon, however, a “near-future” principal with the short-term discount

factor and a “far-future” principal with the long-term discount factor may prefer different

levels of actions. Suppose that the former prefers high effort and the later prefers low effort.

Because the switch between the two types of principals happens stochastically, the sophis-

ticated “near-future” principal anticipates that her less patient “far-future” self will arrive

at some point. Thus she designs a path of effort that gradually decreases towards the level

preferred by her “near-future” self. However, at some point as she approaches the end of

the contracting horizon (the deadline), the probability of the switch happening before the

deadline becomes smaller over time, as the contract is “running out of time.” Consequently,

the principal acts more likely her “near future” patient self and reverts the recommended

effort until it converges to the time-consistent benchmark level at the deadline, causing a

U-shaped path. Similarly effort could first increase then decrease towards the end, causing a

hump-shaped path. We refer to this reverting of actions towards the end of the contracting

horizon as the “deadline effect”. The turning point is determined by λ, the arrival intensity

of the drop in discount. The higher the λ, the sooner the action path changes course. If λ

is sufficiently low, the drop in discount is so remote that the “deadline effect” does not kick

in and the path of optimal actions converges to the (weakly) monotonic case.

We illustrate the properties above and the comparison between quasi-hyperbolic dis-

counting and the time-consistent benchmark in Figure 1.

4.2 Anticipatory Utility

Our second example explores the case in which the principal has an anticipatory utility

function. That is, the principal’s utility depends on her expectations of the future in addition

to immediate utility. Positive utility from future consumption may cause “savoring” or
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Figure 1: These plots illustrate the action paths over time recommended by the optimal contract. The blue
line indicates the action path under quasi-hyperbolic discounting with parameter values η = 2, σ = 1, β =
0.5, λ = 5, ρ = 0.5, γ = 1.5. The red line indicates the action path under exponential discounting with ρ = 1
and the rest of the parameters the same. Each plot corresponds to a different time horizon (different T ).

“dread” as introduced by Loewenstein (1987) which effects the intertemporal decisions. As

noted in Brunnermeier et al. (2016), such anticipatory emotions are also tied to optimism

of the principal. Other related studies of anticipatory utility include but are not limited to

Loewenstein (1987), Caplin and Leahy (2001), Loewenstein et al. (2003), Caplin and Leahy

(2004), Takeuchi (2011), etc.

We model anticipatory utility following Loewenstein (1987). In addition to utility from

profits today, the principal derives e−ζt units of utility today from anticipated profits that she

expects to receive in future time t. Meanwhile, she discounts utility in the future (whether

actual profits or from anticipation of future profits) with a discount rate ρ. Together, they

imply the following:
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Assumption 6 The principal values consumption streams by:

E

[∫ T

0

e−ρt (Πt + dMt − ct) dt
]
,

where Πt is given by

Πt = E

[∫ T

t

e−ζ(s−t)(dMs − cs)ds|Ft
]
.

Here, Πt captures the utility from anticipated profits, while the remaining terms represent

the standard flow utility from actual profits, which equal output net of compensation to the

agent, discounted appropriately. Using the Law of Iterated Expectations and changing the

order of integration, the principal’s valuation of a consumption stream starting from any

period t can be written as follows:

E

[∫ T

t

(
e−ρ(s−t) − e−ζ(s− t)

ζ − ρ
+ e−ρ(s−t)

)
(as − cs)ds|Ft

]
.

This means the principal effectively has the following discounting function:

Rt(s) = R(s− t) =
e−ζ(s− t)− e−ρ(s−t)

ρ− ζ
+ e−ρ(s−t).

The first term captures the discounted anticipation: letting ζ → ∞ yields the standard

discounting as utility from anticipation disappears. We also make a technical assumption

that ζ > ρ > 1. The first inequality is necessary for transversality and the second is necessary

to avoid corner solutions.20

We again apply Theorem 1 and solve the optimal contract in closed-form:

20Although not noted in Loewenstein (1987), an appropriate numerical relationship between ρ and ζ turns
out to be economically crucial. Without further restrictions, utility of infinitely far future may still have a
positive value today after discounting.
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Proposition 3 Under assumptions 4, and 6, at and ct satisfy the following:

at =

[
1 + ηγ2σ2

(
(1
ρ
− 1)e−ρ(T−t) − (1

ζ
− 1)e−ζ(T−t)

ζ − ρ
+

(1− ρ)

ρ
e−ρ(T−t) +

2ρζ − 1− ζ
ρζ

)]−1

ct =
1

2
a2
t −

ln (γη)

η
− 1

η
ln(−Wt).

Based on these results, the most critical implications of anticipatory utility can be summa-

rized as follows:

Proposition 4 1. If ζ = ∞ optimal contract converges to dynamically-consistent prin-

cipal with discount rate ρ.

2. As T → ∞ optimal contract converges to an optimal contract with time consistent-

principal with discount rate ρζ
1+ζ

.

3. For any ρ, ζ there exists a finite T such that at is non-monotone.

The first property is straightforward: if ζ = ∞ the principal receives no utility from

anticipation. That is, she has exponential discounting. Not surprisingly, the optimal solution

is analogous to the celebrated solution of Holmstrom and Milgrom (1987) which induces

monotone effort regardless of the time horizon.21

The second property demonstrates that the effect of anticipation disappears if the time

horizon becomes arbitrarily large. The intuition is very similar to why the effect of quasi

hyperbolic discounting disappears under an infinite time horizon, which we described in

Section 4.1. In short, because the principal is sophisticated, as the horizon increases the

problem that each of her future selves faces becomes similar as it only relies on the time

difference. The principal’s problem becomes stationary when the time horizon is infinite. In

particular under anticipatory utility, such stationarity is sufficient to ensure that the solution

agrees with that of a dynamically consistent principal which has the same instantaneous

valuation (albeit with a different discount rate) as the dynamically inconsistent one.22

21Note that the difference arises due to the boundary conditions. More recently with He (2011), Marinovic
and Varas (2018), He et al. (2017) reach similar conclusions.

22In the appendix we replicate the argument of Björk et al. (2017) which shows that any dynamically
inconsistent problem that has a solution is associated with dynamically consistent problem that uses the
same controls, but has a different and potentially time dependent instantaneous utility function.

28



Anticipatory

Exponential

0.0 0.2 0.4 0.6 0.8 1.0
t

0.05

0.10

0.15

0.20

0.25

at

(a) T = 1

Anticipatory

Exponential

0 1 2 3 4 5
t

0.05

0.10

0.15

0.20

0.25

at

(b) T = 5

Anticipatory

Exponential

0 2 4 6 8 10 12 14
t

0.05

0.10

0.15

0.20

0.25

at

(c) T = 15

Anticipatory

Exponential

0 20 40 60 80 100
t

0.05

0.10

0.15

0.20

0.25

at

(d) T = 100

Figure 2: These plots illustrate the action paths over time recommended by the optimal contract. The red
line indicates the action path under anticipatory utility function with parameter values η = 2, σ = 1, ρ =
1.5, ζ = 3, γ = 1.5. Each plot corresponds to a different time horizon (different T ).

The third property highlights the possibility of non-monotonic actions under finite hori-

zon. Again, from the previous two properties we know that effort is (weakly) monotonic

in time with exponential discounting or without finite horizon. With anticipatory utility

and a large enough but finite horizon though, the anticipation of future profits leads the

principal to backload effort. However, if the horizon is short enough the anticipation of

future decreases and the action path still remains monotone as there is not enough time to

backload. The length of the time horizon is critical for the non-monotonic effort path: on

the one hand, if the horizon is not long enough, anticipation has no chance to “build up”;

on the other hand, if the horizon is infinite then the “build-up” is pushed infinitely far into

the future, resulting in a convergence into a monotonic effort path but through a different

channel compared to the former case of present-bias utility.

We illustrate the above properties in Figure 2.

29



5 Conclusion

It is well known in the literature that individuals with dynamically inconsistent preferences

make dynamically inconsistent plans, because what appears optimal today may ultimately

be suboptimal tomorrow. As a result, is it possible for long-term contracts between parties

with such preferences to exist, particularly if the parties are sophisticated in anticipating

the changes to their preferences in the future? If so, how do the contracts differ from

known time-consistent benchmarks? We answer these questions by establishing a general

framework that combines moral hazard with dynamically inconsistent preferences resulting

from non-exponential discounting. This contracting problem can be equivalently expressed

as a dynamic game played between the agent, the principal and their future selves, although

the characterization of its solution remains an open problem in the extant literature. We

provide a novel argument for the solution by translating this contracting problem into a

non-atomic game with incomplete information and prove the existence of its equilibrium.

Given its generality, this approach is potentially applicable in other settings beyond dynamic

contracting. We also present two explicitly solved examples capturing two economically

important behavioral patterns: present bias and future bias, for which we manage to obtain

closed-form solutions. The resulting optimal contracts produce testable implications, such

as time-varying, non-monotonic effort and consumption paths.

There are several directions in which our study could be potentially extended. First and

foremost, the extended HJB systems and their variations arise in many dynamically incon-

sistent optimal control problems not necessarily because of non-exponential discounting. We

hope that our indirect approach that bridges dynamically inconsistent control to non-atomic

games can be further expanded to tackle the solution to the optimal control under those more

generic scenarios. Additionally, although the general existence theorem is rather broad, our

solved examples highlight the direct applicability of the techniques as well; in particular, it

might be interesting to explore dynamically inconsistent contracting problems under other

specifications such as ambiguity, habit formation and mean-variance risk preferences. We

leave these questions for future research.
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A Appendix A

A.1 Equilibrium Control Laws

In this part we define the intra-personal equilibrium generically without referencing the agent
or the principal. The definition follows immediately for either contracting party when the
relevant process and controls are replaced in definition below (Γ as the relevant process
a as control for the agent, and W as the process and (a, c, ψ) as control for the princi-
pal). Formally, let (Ω,F ,P) be a complete filtered probability space on which a standard
d−dimensional Brownian motion Z is defined and let X be controlled stochastic process
defined by a stochastic differential equation:

dXt = µ(t,Xt, ht)dt + σ(t,Xt, ht)dZt t ∈ [0, T ]

Where µ and σ are suitable deterministic maps,and ht ∈ H ⊆ Rm for all t is an m dimensional
control process. Consider a return function g : [0, T ]× [0, T ]×R×H → R and a final reward
function f : [0, T ]× [0, T ]× R→ R and an objective defined as:

J(t, x, h) = E

[∫ T

t

g(t, s, xs, hs)ds+ f(t, T, xT )

]
.

Definition 7 Consider a control process h. For any initial point and state (t, x) and a
“small” increment of time ∆, define a “deviation” strategy h∆ as:

h∆ =

{
ĥ(t′, x) for t ≤ t′ < t+ ∆

h(t′, x) for t+ ∆ ≤ t′ ≤ T

where ĥ 6= h is another control law, and x is the state vector corresponds to the future date
t′.23 h is called an equilibrium control law if

lim inf
∆→0

J(t, x, h)− J(t, x, h∆)

∆
≥ 0 (20)

for all ĥ 6= h. For an equilibrium control law h, the corresponding value function J(t, x, h),
is called as an equilibrium value function.

A.2 Proof of Lemma 1

Consider an equilibrium contract offered by the principal, the principal at any time observes
the entire history of outputs only, and offers a consumption path ct in return. In general
the consumption at any time could depend on the entire history of outputs. We first fix
a contract process for the principal and let it be denoted by ĉt. To resolve such a history

23In the language of stochastic optimal control h∆ is the local spike variation of h. Also, this equilibrium
approach makes the connection between the discrete time and continuous time clearer. However the full
technicality of this connection is beyond the scope of this paper, see Sadzik and Stacchetti (2015) for an
excellent treatment of the issue with exponential discounting (time consistent case).
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dependence we follow Williams (2015) and introduce a change of measure. Now for any
â ∈ [a, ā] define the family of Ft predictable processes:

Γt(â) := exp

(∫ t

0

as
σ
dZ0

s −
1

2

∫ t

0

∣∣∣as
σ

∣∣∣2 ds) ,
with Γ0(â) = 1. Given the linear output, Novikov condition holds and Γt is Q0 martingale.
By Girsanov theorem we define the Brownian Motion (Za) in the following way:

Za
t = Z0

t −
∫ t

0

as
σ
ds.

Then suppressing â we can do the following change of measure as follows:

Eâ

[∫ T

t

r(t, s)u(as, ĉs)ds+R(t, T )u(a, ĉT , )

]
= E0

[∫ T

t

Γsr(t, T )u(as, ĉs)ds+ ΓTR(t, T )u(a, ĉT )

]
.

Now let us write down the time inconsistent optimal control problem as follows:

J(t,Γ) = sup
as, s∈[t,T ]

E0

[∫ T

t

Γsr(t, s)u(as, ĉs)ds+ ΓT r(t, T )u(a, ĉT )

]
, (21)

dΓs = Γs

(as
σ

)
dZ0

s . (22)

Notice that the optimal control problem is still time inconsistent but with the change
of measure we have resolved the history dependence. Given the dynamic inconsistency of
the problem we will be looking for an Markov perfect (closed loop equilibrium strategy) a∗.
Under our regularity conditions (a coming from a compact space, µΓ, σΓ being C2 in a and
Lipschitz and) we can apply Yan and Yong (2019) Theorem 1 for the following Pontyagrin
type maximum principle for the time inconsistent control problem 21.

Theorem 2 (Yan and Yong 2019) Suppose Γ∗, a∗ is an equilibrium pair for the time in-
consistent problem and suppose for any given t ∈ [0, T ) the first order adjoint processes
W (t, ·), ψ̃(t, ·) and second order adjoint processes P (t, ·),Λ(t, ·) are adapted solutions to the
following BSDE’s

dW (t, s) = −
(
a∗t
σ
ψ̃(t, s) + r(t, s)u(a∗s, ĉs)

)
ds+ ψ̃(t, s)dZ0

s s ∈ [t, T ]

W (t, T ) = r(t, T )u(ĉT , a)

dP (t, s) = −
(
a∗t
σ2

)2

P (t, s)ds+ 2

(
a∗t
σ

)
Λ(t, s)ds+ Λ(t, s)dZ0

s s ∈ [t, T ]

P (t, T ) = 0

then almost surely for any control a we have the following global form of Pontyagrin maximum
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principle:

0 ≤ 〈W (t, t), a− a∗〉+ lim
ε→0

1

ε
Et

∫ tε

t

[〈
ψ̃(t, s),Γ∗s

(
a− a∗

σ

)〉
ds

+u(a, ĉt)− u(a∗, ĉt) +

(
Γ∗t
a− a∗t
σ

)2

P (t, t)

]
(23)

If agent’s had exponential discounting, there will be only one adjoint process. In our setup,
we have a flow of adjoint processes. This flow of processes describes how different selves of
the agent evaluates the equilibrium contract. Observe that given that a is coming from a
convex set, instead of equation 23 following Yong and Zhou (1999) page 120 case 2 (also
Peng (1990)) we can use a local version. Thus we can define the generalized Hamiltonian of
time t for any time s as:

Ht(s) = −r(t, s)Γsu(as, ĉs)ds+ ψ̃(t, s)Γs

(as
σ

)
(24)

From equation 23 we know the equilibrium actions maximize the generalized Hamiltonian of
time t at time t. Thus we must have ∂Ht(t)

∂a∗t
= 0 which yields the incentive condition of the

agent at time t:

ua(a
∗, ĉ) =

ψ̃(t, t)

σ
.

We have found the IC of the agent now we will pin down how the agent’s continuation
payoff evolves. Observe that, first order adjoint process that is equal to the equilibrium
value function J(t,Γ∗). We represent the equilibrium value function in the integral form as
follows:

W (t, k) = r(t, T )u(0, cT )−
∫ T

k

a∗t
σ
ψ̃(t, s) + r(t, s)u(a∗s, ĉs)ds+

∫ T

r

ψ̃(t, s)dZ0
s .

Taking k → t we have

W (t, t) = r(t, T )u(0, cT )−
∫ T

t

a∗t
σ
ψ̃(t, s) + r(t, s)u(a∗s, ĉs)ds+

∫ T

t

ψ̃(t, s)dZ0
s .

Following Yan and Yong (2019), we can define the backward stochastic Volterra integral
equation (BSVIE):

W̄ (t) = r(t, T )u(0, cT )−
∫ T

t

a∗t
σ
ψ̃(t, s) + r(t, s)u(a∗s, ĉs)ds+

∫ T

t

ψ̃(t, s)dZ0
s ,

and under the regularity conditions we have W̄ (t) = W (t, t) and W̄ (t) = J(t,Γ∗) for all t.
Since each agent t only act once, for the principal relevant object is W̄ (t). Natural question
becomes whether there is a forward representation for W̄ (t) or not. We will follow Wang and
Yong (2019) and use the decoupling field of the FBSVIE to pin down the evolution of W̄ (t).
In particular under the Lipschitz continuity of both the forward and backward coefficients
we can represent the decoupling field θ as follows:
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Theorem 3 (Wang and Yong 2019) Let θ(t, s,Γ) be the solution to the following PDE

θs(t, s,Γ) +
1

2

(
a∗s
σ

Γs

)2

θΓΓ(t, s,Γ) + Γs

(
a∗s
σ

)2

θΓ(t, s,Γ) + r(t, s)u(a∗s, ĉs) = 0, (25)

θ(t, T,Γ) = r(t, T )u(a, ĉT ). (26)

Then we have W̄ (t) = θ(t, t,Γt).

Notice that the decoupling field allows us to represent the integral equation defining the
equilibrium value in terms of the forward component Γt. Also as noted in Wei et al. (2017)

the returns in the objective,
∫ T
t

Γsr(t, s)u(as, ĉs)ds, does not rely on the backward terms thus
for any choice of ψ(t, t) the PDE is linear with t as a parameter.24 Furthermore, given that
the forward part is a standard SDE, it allows us to represent the equilibrium value as a single
process. Below we show that the representation PDE can be reduced to a non-homogeneous
heat equation. By Ito’s rule evolution of W̄ (t) can be written as:

dW̄ (t) = θ1(t, t,Γt) + θ2(t, t,Γt) +
1

2

(
a∗s
σ

Γs

)2

θΓΓ(t, t,Γt), (27)

where θ1(θ2) denotes the partial derivative respect to first (second) argument. If we follow
the decoupling approach in the Sannikov (2008), we would have end up with the terms
θ1(t, t,Γt) and θΓΓ. The term θ2(t, t,Γt) captures the effect how different selves evaluates the
equilibrium value.

Transformation of the Decoupling Field to the Non-Homogenous Heat Equation

In this section, we are going to show how to translate the decoupling field θ to a non-
homogenous heat equation.
Step 1: First we translate the terminal value problem to an initial value problem.
First we introduce a reversal of time τ → T − s, and define θ(t, T − s,Γ) = θ̃(t, τ,Γ). Then
our PDE identifying the decoupling field now has an initial condition instead of a terminal
condition and is equivalently represented as:

θ̃τ (t, τ,Γ) =
1

2

(
a∗τ
σ

Γτ

)2

θ̃ΓΓ(t, τ,Γ) + Γτ

(
a∗τ
σ

)2

θ̃Γ(t, τ,Γ) + r(t, τ)u(a∗τ , ĉτ ), (28)

θ̃(t, 0,Γ) = r(t, T )u(a, ĉT )Γ. (29)

Step 2: In this step we conduct change of variables to reduce our problem to turn our prob-
lem to a problem of convective mass transfer (see Polyanin and Nazaikinskii (2015) section
3.1.4)
Let us introduce the change of variable Γ → ex and consider the function θ̃(t, τ,Γ) =
v(t, τ, x) = v(t, τ, log(Γ)). Then the PDE identifying the decoupling field is equivalently

24We refer the readers to Wei et al. (2017) and Yong (2012) for a lengthier discussion.
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represented as:

v2(t, τ, x) =
1

2

(
a∗τ
σ

)2

vxx(t, τ, x) +

((
a∗τ
σ

)2

− 1

)
vx(t, τ, x) + r(t, τ)u(a∗τ , ĉτ ), (30)

v(t, 0,Γ) = r(t, T )u(a, ĉT )ex. (31)

Step 3: In this step we conduct another change of variables to reduce our problem of
convective mass transfer to a non-homogenous heat equation

In this step let us introduce another change of variable x →
(
z −

((
a∗τ
σ

)2

− 1

)
τ

)
and

consider the function v(t, τ,

(
x+

((
a∗τ
σ

)2

− 1

)
τ

)
) = y(t, τ, z). Then the PDE identifying

the decoupling field is equivalently represented as :

y2(t, τ, z) =
1

2

(
a∗τ
σ

)2

yzz(t, τ, z) + r(t, τ)u(a∗τ , ĉτ ), (32)

y(t, 0, z) = r(t, T )u(a, ĉT )ez. (33)

Notice now the decoupling field described above is a non-homogenous heat equation with
the non-homogenous term r(t, s)u(a∗s, ĉs) and only an initial condition prescribed. This is
not surprising as the first two steps are analogous to the ones that are used to transform the
Black-Scholes equation to a heat equation.

A.3 Proof of Theorem 1

The proof of the theorem involves heuristic derivation of the HJB equation, two auxiliary
steps and the verification argument.

Derivation of the Extended HJB System

In this section of the appendix we derive the extended HJB equation. This derivation is
analogous to the derivation provided in Yong (2012) and Björk et al. (2017) so we provide
only a short argument. By construction, of the h∆ we have

J(t+ ∆,Wt+∆, h∆) = J(t,W, h)− Eh∆
t,W

[∫ t+∆

t

R(t, s) (as − cs) ds
]

+ Eh
t,Wf(t+ ∆,W h

t+∆, t+ ∆)− Eh
t,Wf(t+ ∆,W h

t+∆, t).

Since J(t+ ∆,Wt+∆, h∆) = V (t+ ∆,Wt+∆), we can rewrite the equation as follows:

Eh
t,WV (t+ ∆,Wt+∆) = V (t,Wt)− Eh∆

t,W

[∫ t+∆

t

R(t, s) (as − cs) ds
]

+ Eh
t,Wf(t+ ∆,W h

t+∆, t+ ∆)− Eh
t,Wf(t+ ∆,W h

t+∆, t).
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Add and subtract f(t,W, t) to the right hand side rearrange by dividing both sides to ∆ and
take the limit as ∆→ 0. So, we reach

sup
h
{AhV (t,W ) + (at − ct)−Ahf(t,W, t) +Ahf t(t,W )} = 0.

Moreover for every fixed W, t, f s(t,W ) corresponds to a martingale therefore it must satisfy
the following PDE

Ah∗f s(t,W ) +Rs(t) (a∗t − c∗t ) = 0.

In addition it must satisfy the following boundary conditions

V (T,W ) = B(T,WT ) for all W,

f(T,W, T ) = B(T,WT ) for all W.

so we reach the extended HJB system of theorem 1.

The Existence of a Solution to the Backward System

In order to prove existence we first start with an arbitrary incentive compatible control law
ĥ and consider the second part of the HJB system, the backward equation:

Aĥf s(t,W ) +Rs(t)(aĥt − cĥt ) = 0.

For each t, w the backward equation

Aĥf t(t,W ) +Rt(t)(aĥt − cĥt ) = 0

is a semilinear parabolic Partial Differential Equation (PDE). Observe that if the PDE had
a solution f t

ĥ
(t,W ) then for every s we could consider a version of W s that reaches W by

time t. This would imply we would have f s
ĥ
(t,W ), where we underline the dependence on

the control ĥ. An equivalent representation of the backward system is

f t
ĥ
(t, w) = f t

ĥ
(T,wT )−

∫ T

t

Rt(r)(aĥr − cĥr )dr −
∫ T

t

Y ĥ
r dZr.

For an adapted process Y ĥ. A solution to the backward system alone would correspond to
a pair of processes f t

ĥ
(t,W ) and Y ĥ

t . However, notice that for a given arbitrary control ĥ,
the ct is pinned down by the incentive condition. In particular, observe that at ∈ [a, ā] and
due to assumption 3 for any given at, ψt, Wt there is a unique ct, denoted by cICt (at, ψt).
Moreover given that any control is a mapping ĥ(t,Wt) the backward system is accompanied
by a forward system

dW (t) = θ1(t, t,Γt) + θ2(t, t,Γt) +
1

2

(
a∗s
σ

Γs

)2

θΓΓ(t, t,Γt), (34)
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where θ denotes the decoupling field of the agent’s BSVIE. However, also notice that the
solution to the backward system f t

ĥ
(t,W ) and Y ĥ

t does not appear in the forward system,
hence this is a decoupled forward-backward stochastic differential equation (FBSDE). For a
textbook treatment of FBSDE’s we refer the readers to Ma et al. (1999). Our goal is to
ensure that the for any incentive compatible control ĥ the FBSDE system is well-posed and
therefore has a unique solution, and that solution is also continuous.

Given that the system is decoupled, first let us write down the generator of the backward
system. Since we are only looking at Markovian, incentive compatible controls, the generator
only depends on the forward part:

Rt(s)(aĥ(Wt)
s − cĥ(Wt)

s ).

From Cvitanic and Zhang (2012), section 9.5, proposition 9.5.2 we know that to have the
FBSDE well posed we need to establish that the forward component has a unique solution
that satisfies the Markov Property and the backward part has a unique solution. For Wt

analogous to Sannikov (2008) under Markovian controls lemma 1 will also have a unique,
Markovian solution. Now given that the forward system is Markovian, we need to establish
that the backward system is well posed. Now we observe that since the backward system
does not have the backward terms in the generator but only the forward ones, the generator

Rt(s)(a
ĥ(Wt)
s − c

ĥ(Wt)
s ) is trivially uniformly Lipschitz continuous in V ĥ

t and Yt.
25 Thus by

theorem 9.3.5 of Cvitanic and Zhang (2012) the backward system has a unique solution.
Now since the backward system has a unique solution and the forward system has a unique
Markovian solution by proposition 9.5.2 of Cvitanic and Zhang (2012) the FBSDE is well

posed and there is a triple W ĥ, f t
ĥ
(t,W ) and Y ĥ

t for any incentive compatible Markovian
control.

Finding a Fixed Point to The Extended HJB System

From the previous part we know that for incentive compatible control ĥ there exists a unique
process V ĥ = f t

ĥ
(t, w) that satisfies the backward system. For any incentive compatible

control h̃, consider the infinitesimal generator with control h̃ on the process f t
ĥ
(t,W ), denoted

by Ah̃f t
ĥ
(t,W ). Fix a time t and a state W pair and consider the static optimization problem

solved for every t and W ,

sup
h̃

{(ah̃t − ch̃t )−Ah̃f tĥ(t,W )} = 0.

Essentially, for any given control ĥ the sup above generates another control h using the value
function generated from the backward system. So, if one were to consider a mapping from
controls to controls we are trying to find a fixed point of such a mapping, with additional
difficulties arising from the filtered information structure and rather large control space. The
difficulty here is that we do not have convexity of the best response correspondence and we
do not have quasi-concavity of the utility function on ones strategy.

25The backward terms not appearing in generator is not a suprising when the backward system is a sort
of “continuation utility”, see Duffie and Epstein (1992), El Karoui et al. (1997)
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Remember that we had defined the dynamically inconsistent control problems as the
limit of a game between time t selves. In case of finitely many such selves the existence of an
equilibria can be found by backward induction. However as noted in Wei et al. (2017) taking
the formal limit for infinitely many such selves in general is very difficult. Well-posedness is
established in Wei et al. (2017) for cases where the diffusion term is not controlled, hence
their methods are not applicable. Existence and uniqueness remain very much an open
problem in general dynamically inconsistent stochastic optimal control problems as noted
by Björk et al. (2017).

In order to tackle this difficulty we define the game between the selves properly and
search for existence of equilibria in the corresponding game. Towards that goal we utilize
techniques from static games with non-atomic players such as the ones explored in Schmeidler
(1973), Mas-Colell (1984), Khan and Sun (2002) and also closely related to mean-field games
Guéant et al. (2011) and aggregate games Acemoglu and Jensen (2015). In particular, we
will translate our game to the incomplete information game identified in Balder (1991). 26

Consider the exogenously random parts of the model Ω = Z[0,T ] where Z is the standard
Brownian motion that governs the randomness in the M and W . The probability triple is
denoted by (Ω,P ,F). Notice that when defined this way, a realization ω identifies a whole
path of the exogenous random factors. W can be identified by ω and given controls. Let S =
A×C×R denotes the space of strategies. The player space is identified as [0, T ]. P is common
knowledge among the players. We characterize players having incomplete observation of a
realization as differential information. In particular, the information component of a player t
is characterized by a sub σ− algebra of F , denoted by Ft, which corresponds to the natural
filtration since our players’ observation is differing according to time. Let M denote the
space of all measures on S. Furthermore, let S denote the set of all measurable decision
rules δ, δ : Ω→M. Hence, players are allowed to randomize.

We equip S with the weak topology, which is the weakest topology where functions
identified below are continuous on S:

δ →
∫

Ω

φ(ω)

[∫
S

c(s)δ(ω)ds

]
P (dω), φ ∈ L1(Ω,P ,F), c ∈ CB(S).

Where L1(Ω,P ,F) denote the space of P integrable functions and CB(A) denote the
space of bounded and continuous functions, we also assume with the usual L1 norm on
(Ω,P ,F). With this notation a pure strategy profile is a distribution over S, we denote the
set of all probability distributions over S as M(S).

Finally for each t let St ⊂ S denote the set of all Ft measurable decision rules δ,
δ : Ω→M. Now from here we define the set

D = {(Ft, δ) : Ft ∈ {Ft}t∈[0,T ] and δ ∈ St}.

Since {Ft}t∈[0,T ] is a filtration F is the appropriate σ-algebra in which the conditional
expectations are measurable.27 Due to lemma 2 of Balder (1991) D is F ×B(S) measurable

26See also, Jovanovic and Rosenthal (1988) and Balder (2002).
27 Balder (1991) explores more general sub σ-algebras in order to introduce the pointwise convergence

topology which is due to Cotter (1986) for measurability of conditional expectations.
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and St is a compact subset of S for every Ft ∈ {Ft}t∈[0,T ].
28 The restriction of the σ-algebra

F to D is the filtration {Ft}t∈[0,T ].
First we observe that any control h defined in the first part satisfies h ∈M(S) with the

additional property that each ht ∈ St. Observe that for any given t, ω and Ft using the
backward system for any control we can define:

f th(t,W ) = Eh
t,W

[∫ T

t

R(t, s)(ahs − chs )ds+B(t,WT )

]
.

Above object only depends on h and ω and is calculated according to the information at Ft.
Now for any player t, and any δ ∈ S and h ∈M(S) we can define the utility function as:

ut(δ, h|Ft) = E
[
(a(δ)− c(δ))−A(a(δ),c(δ))f th(t,W )|Ft

]
.

First we make the observation that ut is continuous in both its arguments and is measur-
able by definition. Notice that with the randomness baked in to the f t(t, x) part, a player is
identified by the characteristics (t,Ft), however we have not restricted δ to be Ft measurable.

Analogous to Balder (1991) we can define the utility function for the game as a function
U : [0, T ]×D×M(S)→ R. Therefore, a game is identified by ([0, T ]×F , µ, {St}, U}, where
[0, T ] × F denotes the set of characteristics, µ is a given distribution over characteristics,
St denotes the set of strategies available to a player with characteristics (t,Ft) and U is the
utility function for the game.

Now, we can identify a characteristic - strategy(CS) distribution, which is a distribu-
tion over [0, T ] × D which specifies the way possible characteristic-strategy combinations
are distributed in the game. Letting λ be CS distribution the respective marginals of the
distribution λ|[0,T ]×F coincides with a distribution over characteristics and λ|S coincides with
a distribution over strategies.

Definition 8 A CS distribution λ is an equilibrium if

• The marginal of λ|[0,T ]×F = P × λTU

• λ({((t,Ft), δ) ∈ [0, T ]×D : δ ∈ arg maxSt ut(δ, λ|S)}) = 1

where λTU denote the uniform distribution over [0, T ].

First, let us observe that in the game between type t selves the distribution over [0, T ]× F
is identified by the filtered probability space generated by Z[0,T ]. Now, we observe that S
is defined as above complete and separable, St is compact as noted above, U(t,Ft, ·, ·) is
continuous in both arguments and U(·, ·, ·, ν) for ν ∈ S is measurable, hence by Theorem 1
of Balder (1991), there exists an equilibrium distribution. Hence there exists a control law
h∗ such that for every t,W

(ah
∗
, ch

∗
) ∈ arg sup

h̃

{ah̃t − ch̃t −Ah̃f th∗(t,W )} = 0.

This implies there exist a solution to the extended HJB system.

28Where B(S) is the Borel sigma algebra defined on S.
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Verification Theorem

In this section we are going to prove the verification theorem. Assume that the functions
V (t,W ), f t(t,W ) and ĥ(t,W ) have the following properties.

Theorem 4 Assume the following

• V (t,W ), f t(t,W ) solves the HJB equation

• V (t,W ) and f t(t,W ) are smooth.29

• ĥ is an admissible control and argmax of the V equation

Proof of Verification

Step 1 Probabilistic interpretation for f
Apply Ito’s formula to f s(t,W ) by extended HJB system conditions we know that it has a
drift of R(s, r)(as − cs) and use the boundary condition at time T , to write as:

f s(t,W ) = Eh
t,W

[∫ T

t

Rs(r)(ar − cr)dr +B(t,WT )

]
.

Step 2 We are going to show that V (t,W ) = J(t,W, h∗) for all (t,W ).
Define function H as H(t,W, t, h) := R(t, t)(at − ct). From the extended HJB system

AhV (t,W ) +Ahf t(t,W )−Ahf(t,W, t) +H(t,W, t, h) = 0.

Again from the extended HJB system

H(t,W, h∗) +Ah∗f t(t,W ) = 0.

Then we end up with
AhV (t,W ) = Ahf(t,W, t),

for all t and W . Since V is smooth we can apply Itos lemma,

EV (T,W h
T ) = V (t,W ) + E

[∫ T

t

AhV (s, ws)ds

]
,

so we can rewrite as

EV (T,W h
T ) = V (t,W ) + E

[∫ T

t

Ahf(s, w, s)ds

]
.

Applying the same reasoning f t(t,W ) by the boundary conditions for V and f implies

V (t,W ) = J(t,W, h∗).

29It is enough to be in C2 respect to x and C1 respect to t.
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Step 3 Optimality of h∗

Next step is to show that h∗ is an equilibrium control law. Suppose agents use an arbitrary
control law ĥ over period lenght ∆ > 0. Let, J(t,W, ĥ∆) the pay-off principal under such
strategy should be the case

lim inf
∆→0

J(t,W, h)− J(t,W, ĥ∆)

∆
≥ 0. (35)

Since J(t+ ∆,Wt+∆, h∆) = V (t+ ∆,Wt+∆), we can rewrite the equation as follows:

Eh
t,WV (t+ ∆,Wt+∆) = V (t,Wt)− Eh∆

t,W

[∫ t+∆

t

Rt(s)(as − cs)ds
]

+ Eh
t,Wf(t+ ∆,W h

t+∆, t+ ∆)− Eh
t,Wf(t+ ∆,W h

t+∆, t).

Then we can write the difference

Eh
t,WV (t+ ∆,Wt+∆) = V (t,Wt)− Eh∆

t,W

[∫ t+∆

t

Rt(s) (as − cs) ds
]

+ Eh
t,Wf(t+ ∆,W h

t+∆, t+ ∆)− Eh
t,Wf(t+ ∆,W h

t+∆, t).

after simplifications,

− Eh
t,W

[∫ t+∆

t

Rt(s)up(as − csds)
]

+ Eĥ∆
t,W

[∫ t+∆

t

Rt(s)(as − cs)ds
]

+ Eh
t,Wf(t+ ∆,W h

t+∆, t+ ∆)− Eh
t,Wf(t+ ∆,W h

t+∆, t)

+ Eĥ
t,Wf(t+ ∆,W h

t+∆, t+ ∆)− Eĥ
t,Wf(t+ ∆,W h

t+∆, t)

as ∆→ 0 a and subtract f(t,W, t) to the right hand side rearrange then by 11 its greater or
equal to zero.

A.4 Proof of Lemma 2

To proceed with a solution, first we are going to assume that the agent has access to private
savings and the contract has to be terminated at a deterministic deadline T .30 The no-savings
condition of the agent implies, by Lemma 3 of He (2011) in the optimal contract

u(ct, at) = γWt,

therefore,

ct =
1

2
a2
t −

ln (γη)

η
− 1

η
ln(−Wt).

30Savings assumption simplifies the contract but it is not necessary.
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In the optimal contract by Martingale representation theorem (for instance see Sannikov
(2008)) we can write agent’s continuation utility as follows:

dWt = −γηWtσψtdZt, (36)

moreover in this case agent’s incentive compatibility condition becomes

ψt = at. (37)

Then by Ito’s Rule we can calculate the evolution of ln(W ) as follows

E [ln(−Wt)] = ln(−W0) +
1

2

∫ t

0

η2γ2σ2ψ2
sds.

A.5 Discounting Functions Dependent Only on Time Difference

In the case of discounting bi-functions that only depend on the time difference, that is R(s−t)
instead of R(t, s) we can simplfy the HJB equation. Observe that once the discounting
function does not change we can do differentiation under the integral sign and have:

Ahf(t,W, t) =

∫ T

t

(
R(s− t)AhEht,w [as − cs]−R′(s− t)Eht,w [as − cs)]

)
ds,

− R(T − t)AhEht,w [cT ] +R′(T − t)Eht,w [cT ]

and

Ahf t(t,W ) =

∫ T

t

R(s− t)AhEht,w [(as − cs)] ds+R(T − t)Eht,w
[
AhcT

]
.

Therefore, HJB system can be written as

AhV + (at − ct) +

∫ T

t

R′(s− t)Eht,w [(as − cs)] ds−R′(T − t)Eht,w [cT ] = 0. (38)

A.6 Proofs for Quasi-Hyperbolic Case

In this case, we use simplied HJB system as in equation 38.

Proposition 5 Under assumptions 4, 5 the value function of the principal satisfies the
following HJB system:

sup
at

Vt + at −
[

1

2
a2
t −

ln (ηγ)

η
− 1

η
ln(−W )

]
+

1

2
(γηWψσ)2 VWW

+

∫ T

t

R′(s− t)
(
as −

[
1

2
a2
s −

ln (ηγ)

η
− 1

η
ln(−Ws)

])
ds

+
ln(−WT )

η
R′(T − t) = 0.
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subject to (15) and incentive compatibility condition (17) and boundary condition

V (T,W ) = B(T,WT ) for all W (39)

where B(t,W ) is defined by (6).

We are going to guess the principal’s value function has the following functional form

F (t,W ) = A(t) ln(−W ) +B(t)

with the boundary condition A(T ) = 1
η
. Given our guess,

Ḟt = Ȧt ln(−W ) + Ḃ(t), FW =
A(t)

W
,FWW = −A(t)

W 2
.

By plugging our functional form guess to extended HJB equation we reach

1− at − atη2γ2A(t) = 0⇒ at =
1

1 + η2γ2σ2A(t)
.

To get the Ȧ(t), we can collect the log terms

Ȧt =
1

η

(
1 +

∫ T

t

R′ (s− t) ds+R′(T − t)
)

or equivalently

Ȧt =
1

η
(R(T − t) +R′(T − t)) .

plug in the quasi hyperbolic discounting function

Ȧt =
1

η

(
β(1− ρ)e−ρ(T−t) + (1− β)(1− (ρ+ λ))e−(ρ+λ)(T−t))

also note that this case boundary condition becomes A(T ) = 1
η
. Depending on the λ action

can be non-monotone function over time. Especially if λ is very high. If we are assume
exponential discounting with discount rate r, optimal contract becomes

Ȧt =
1

η
(1− r) e−r(T−t),

and

A(t) =
2r − 1 + (1− r)e−r(T−t)

ηr
.

Observe that depending on the r, Ȧt is either always positive or negative, however, it can
not be non-monotone. Given At

At =
1

η

(
β(1− ρ)

ρ
e−ρ(T−t) + (1− β)

1− (ρ+ λ)

ρ+ λ
e−(ρ+λ)(T−t) +

2ρ(ρ+ λ)− (βλ+ ρ)

ρ(ρ+ λ)

)
,
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we can solve for at.

Proof of Proposition 2

Part 1) It is easy to see that by inspection if β = 1, Ȧ(t) equals to 1
η

(ρ+ λ− 1). Similarly

ifβ = 0 Ȧ(t) equals to 1
η

(ρ− 1) which is equivalent to time-consistent solutions.

Part 2) Fix any t < T , then look at the limit

lim
T→∞

a(t) =
1

1 + η2γ2σ2 1
η

(
2ρ(ρ+λ)−(βλ+ρ)

ρ(ρ+λ)

) .
Which corresponds to solution in Holmstrom and Milgrom (1987) with discount rate equal

to ρ(λ+ρ)
βλ+ρ

.

Parts 3) Recall the closed form solution for a(t):

at =
1

1 + η2γ2σ2 1
η

(
β(1−ρ)

ρ
e−ρ(T−t) + (1− β) 1−(ρ+λ)

ρ+λ
e−(ρ+λ)(T−t) + 2ρ(ρ+λ)−(βλ+ρ)

ρ(ρ+λ)

) .
Then it is easy to see that dynamics of a(t) pinned down by the term β (1−ρ)

ρ
e−ρ(T−t) +

(1− β) 1−(ρ+λ)
ρ+λ

e−(ρ+λ)(T−t). It’s time derivative equals to

β(1− ρ)e−ρ(T−t) + (1− β)(1− (ρ+ λ))e−(ρ+λ)(T−t)

It is easy to see that there is a unique point in which sign of the derivative can change (if
it ever happens). In particular for t small enough the first term dominates, but for t large
enough with (1 − (ρ − λ))(1 − β) being negative, the second term will dominate to change
the sign of the derivative.

A.7 Proofs for Anticipatory Utility Case

Observe that under assumption 6 we have double integral, but using tower property of
condition expectations we can change the order of integration. In particular observe that
at any periods t, s s ≥ t and for any period τ ≥ t, the term E((dMτ − cτ |Fs)|Ft)) =
E(dMτ − cτ |Ft). Then from the anticipatory part we can collect all the terms that have
E(dMτ − cτ |Ft) as follows:∫ τ

t

e−ρ(s−t)e−ζ(τ−s)E(dMτ − cτ |Ft)ds =
e−ρ(τ−t) − e−ζ(τ−t)

ζ − ρ
E(dMτ − cτ |Ft)

In addition we have the standard discounted part with e−ρ yielding the discounting function:

Rt(s) = R(s− t) =
e−ρ(τ−t) − e−ζ(τ−t)

ζ − ρ
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Proposition 6 Under assumptions 4, 5 the value function of the principal satisfies the
following HJB system:

sup
at

Vt + at −
[

1

2
a2
t −

ln (ηγ)

η
− 1

η
ln(−W )

]
+

1

2
(γηWψσ)2 VWW

+

∫ T

t

R′(s− t)
(
as −

[
1

2
a2
s −

ln (ηγ)

η
− 1

η
ln(−Ws)

])
ds

+
ln(−WT )

η
R′(T − t) = 0

Ah∗f(t,Wt)
s,Ws +R(s− t)(a∗t − c∗t ) = 0

subject to (15) and incentive compatibility condition (17) and boundary condition

V (T,w) = B(T,WT ) for all w (40)

where B(t,W ) is defined by (6).

We are going to guess the principal’s value function has the following functional form

F (t,W ) = A(t) ln(−W ) +B(t)

with the boundary condition A(T ) = 1
η
. Given our guess,

Ḟt = Ȧt ln(−W ) + Ḃ(t), FW =
A(t)

W
,FWW = −A(t)

W 2
.

By plugging our functional form guess to extended HJB equation we reach

1− at − atη2γ2A(t) = 0⇒ at =
1

1 + η2γ2σ2A(t)
.

To get the Ȧ(t), we can collect the log terms

Ȧt =
1

η

(
1 +

∫ T

t

R′ (s− t) ds+R′(T − t)
)

or equivalently

Ȧt =
1

η
(R(T − t) +R′(T − t)) .

Plugging in R(T − t) and R′(T − t) we have

Ȧt =
1

η

(
(1− ρ)e−ρ(T−t) − (1− ζ)e−ζ(T−t)

ζ − ρ
+ (1− ρ)e−ρ(T−t)

)
.
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Using the boundary condition A(T ) = 1/η and integrating

At =
1

η

(
(1
ρ
− 1)e−ρ(T−t) − (1

ζ
− 1)e−ζ(T−t)

ζ − ρ
+

(1− ρ)

ρ
e−ρ(T−t) +

2ρζ − 1− ζ
ρζ

)
.

The optimal action is equal to

at =
1

1 + ηγ2σ2

(
( 1
ρ
−1)e−ρ(T−t)−( 1

ζ
−1)e−ζ(T−t)

ζ−ρ + (1−ρ)
ρ
e−ρ(T−t) + 2ρζ−1−ζ

ρζ

) .
Proof of Proposition 4

Part 1) Fix any t < T , then look at the limit,

lim
ζ→∞

a(t) =
1

1 + ηγ2σ2 2ρ−1+(1−ρ)e−ρ(T−t)

ρ

which corresponds to solution in Holmstrom and Milgrom (1987) with discount rate equal
to ρ.
Part 2) As T →∞, we can solve for r in the equation

2r − 1

r
=

2ρζ − 1− ζ
ρζ

⇒ r =
ρζ

1 + ζ

Part 3) Recall that the closed form of at is given by

at =
1

1 + ηγ2σ2

(
( 1
ρ
−1)e−ρ(T−t)−( 1

ζ
−1)e−ζ(T−t)

ζ−ρ + (1−ρ)
ρ
e−ρ(T−t) + 2ρζ−1−ζ

ρζ

) .
Then it is easy to see that the dynamics of at is pinned down by the term

( 1
ρ
−1)e−ρ(T−t)−( 1

ζ
−1)e−ζ(T−t)

ζ−ρ +
(1−ρ)
ρ
e−ρ(T−t), the time derivative equals :

(1− ρ)e−ρ(T−t) − (1− ζ)e−ζ(T−t)

ζ − ρ
+ (1− ρ)e−ρ(T−t)

Observe that if the time derivative ever becomes 0 we must have

(1− ρ)e−ρ(T−t) − (1− ζ)e−ζ(T−t) = (ζ − ρ)(ρ− 1)e−ρ(T−t)

(1 + ζ − ρ)(1− ρ)e−ρ(T−t) = (1− ζ)e−ζ(T−t)

1 =
ζ − 1

ρ− 1

1

1 + ζ − ρ
e−(ζ−ρ)(T−t).
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Now since we assume ζ > ρ > 1 we have ζ−1
ρ−1

1
1+ζ−ρ > 1 on the other hand we also have

1 ≥ e−(ζ−ρ)(T−t) ≥ e−(ζ−ρ)T > 0. Observe that if T is small enough then the derivative never
changes sign, but for any ζ, ρ there exists T large enough such that there exists a t? < T
where the derivative changes sign at t?.

47



B Online Appendix (Online Publication Only)

In this section we show that there exists an equivalent time consistent problem for the
principal with a different objective function.

Proposition 7 For every dynamically inconsistent principal in this model, there is a time
consistent principal with a different objective function

Suppose for now assume that there exist an optimal contract with equilibrium control
law h, then using the h we can construct the following function K as follows:

K(t,W, h) = R(t, t)(a∗t − c∗t )−Ahf(t,W, t) +Ahf t(t,W )

Given the above K, maximizing the following problem becomes standard time consistent
optimal control problem.

Et,W

∫ T

t

K(s,W, hs)ds

Major caveat of this approach is that once needed to use the equilibrium h to construct the
time-consistent optimal control problem.

B.1 Optimal Contract Without Hidden Savings

Suppose agent does not have an hidden savings account.

dWt = −
(
∂rt(t)

∂t
Wt + u(ct, at)

)
dt+ ψt (dMt − atdt)

In this case incentive compatibility implies

max
at

atψt
∂rt(t)

∂t
Wt + u(ct, a, t)

Therefore first order condition implies

u(at, ct) =
∂rt(t)

∂t
Wt

ψt
at

Note this implies dWt is a still a geometric Brownian motion

dWt =
∂rt(t)

∂t
Wt

(
1− ψt

at

)
dt− ∂rt(t)

∂t
ηWtσψtdZt

In this case

E [ln(−Wt)] = ln(−W0)−
∫ t

0

∂rs(s)

∂s

(
1− ψs

as

)
ds+

1

2

∫ t

0

η2(
∂rs(s)

∂s
)2σ2ψ2

sds.
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Therefore

ct =
1

2
a2
t −

ln
(
∂rt(t)
∂t

)
η

− 1

η
ln(−Wt)−

1

η
ln

(
ψt
at

)

sup
at,ψt

Ft + at −

1

2
a2
t −

ln
(
∂rt(t)
∂t

)
η

− 1

η
ln(−Wt)−

1

η
ln

(
ψt
at

)+
1

2

(
∂rt(t)

∂t
ηWψσ

)2

FWW

+

∫ T

t

R′(s− t)

as −
1

2
a2
s −

ln
(
∂rt(t)
∂t

)
η

− 1

η
ln(−Ws)−

1

η
ln

(
ψs
as

) ds

FW
∂rt(t)

∂t
Wt

(
1− ψt

at

)
+

ln(−WT )

η
R′(T − t) = 0.

We are going to guess the principal’s value function has the following functional form

F (t,W ) = A(t) ln(−W ) +B(t)

Given our guess,

Ḟt = Ȧt ln(−W ) + Ḃ(t), FW =
A(t)

W
,FWW = −A(t)

W 2
.

First order conditions becomes ( respect to at)

1− at −
1

η

1

at
+
∂rt(t)

∂t

ψtA(t)

a2
t

= 0

and respect to ψt

−1

η

1

ψt
+ ψt(

∂rt(t)

∂t
)2η2σ2A(t)− ∂rt(t)

∂t

A(t)

at
= 0

Again we can get the A(t) matching the ln terms

Ȧt =
1

η
(R(T − t) +R′(T − t)) .

Now assume that principal is time consistent with the discount factor r. So A(t) reduces to
the following

A(t) =
2r − 1 + (1− r)e−r(T−t)

ηr

In that case we can solve for a and ψ, we have two equations and two unknowns. There

are no closed form solutions, but equations are easy to solve numerically. Since, ∂rt(t)
∂t

=
−(γ + (1− β)λ). If agent is dynamically inconsistent problem is equivalent to a time-
consistent problem in which agent has a discount factor γ + (1− β)λ.

49



References

Abreu, D., D. Pearce, and E. Stacchetti (1990). Toward a theory of discounted repeated
games with imperfect monitoring. Econometrica: Journal of the Econometric Society ,
1041–1063.

Acemoglu, D. and M. K. Jensen (2015). Robust comparative statics in large dynamic
economies. Journal of Political Economy 123 (3), 587–640.

Aghion, P., M. Dewatripont, and P. Rey (1994). Renegotiation design with unverifiable
information.

Ainslie, G. (1975). Specious reward: a behavioral theory of impulsiveness and impulse
control. Psychological bulletin 82 (4), 463.

Amador, M., I. Werning, and G.-M. Angeletos (2006). Commitment vs. flexibility. Econo-
metrica 74 (2), 365–396.

Balder, E. J. (1991). On cournot-nash equilibrium distributions for games with differential
information and discontinuous payoffs. Economic Theory 1 (4), 339–354.

Balder, E. J. (2002). A unifying pair of cournot–nash equilibrium existence results. Journal
of Economic Theory 102 (2), 437–470.

Basak, S. and G. Chabakauri (2010). Dynamic mean-variance asset allocation. Review of
Financial Studies 23 (8), 2970–3016.

Bernheim, B. D. and D. Ray (1986). On the existence of markov-consistent plans under
production uncertainty. The Review of Economic Studies 53 (5), 877–882.
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